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Abstract
We give an interpretation of the non-supersymmetric heterotic theories as the super-
symmetric heterotic theories on Melvin background with Wilson lines. The coincidence of
the partition functions is shown for most of the non-supersymmetric theories. We also dis-
cuss tachyonic instabilities in terms of non-trivial background fields. The behavior in the
strong coupling region is investigated by using the duality relations of the supersymmetric
theories.
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1 Introduction
To understand the structure of string theory, one has to know its vacuum state. Although
there are infinitely many perturbative vacua, some of which resemble our world, little is
known what the nonperturbative vacuum is. To analyze the vacuum we need more sophis-
ticated understanding of the nonperturbative dynamics of the theory, and this problem
seems to be still beyond our reach. One possible approach to this problem would be to
construct the theory nonperturbatively [1].
It is necessary to understand the (in)stabilities of the perturbative vacua. Recent
reseach originated by Sen [2] have clarified the stabilization mechanism of a perturbative
instability associated with open string tachyons. This is closely related to the instability
of D-branes, and the stabilization corresponds to the decay of the D-branes. The open
string field theory [3] plays a crucial role in the investigations of the tachyon condensation
[4].
There is another perturbative instability due to closed string tachyons. An interesting
conjecture was made in [5][6] (see also [7]), suggesting that the endpoint of the closed
string tachyon condensation in Type 0A theory can be interpreted as a supersymmetric
vacuum. Type 0A theory is interpreted as Type IIA theory on the Melvin background [8]
which breaks all the supersymmetries. And it is also shown that the tachyonic instability
in Type 0A theory can be related to the instability due to pair creations of D-branes. The
above results might indicate that Type 0A theory decays into Type IIA theory after the
closed string tachyon condensation.
In our previous paper [9], we tried to apply a similar interpretation to the non-
supersymmetric heterotic theories [10][11][12], and some of them can be understood as
the supersymmetric theories on the Melvin background. This would suggest that such
understanding of the closed string tachyons is a general one, not specific to Type 0A
theory.
In this paper, we extend our investigations to all of the non-supersymmetric heterotic
theories in ten dimensions. Although there is one exception, the other theories can be
related to the supersymmetric heterotic theories. So this result leads us to a conjecture
which suggests that the non-supersymmetric heterotic theories would decay into the su-
persymmetric ones. We also argue the instability due to the closed string tachyons in
terms of the background fields in the supersymmetric theories.
Since the non-supersymmetric theories can be related to the supersymmetric ones, one
can discuss the strong coupling behavior of the former by using the duality relations of the
latter. This enables us to see the validity of the decay picture beyond the perturbation
theory.
This paper is organized as follows. We briefly review the properties of the Melvin back-
ground (section 2) and the correspondence between Type 0A theory and Type IIA theory
stated above (section 3). In section 4, we recall some facts about the non-supersymmetric
heterotic theories. They are related to the supersymmetric theories in section 5 by show-
ing the coincidence of the partition functions. The tachyonic instability is interpreted in
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terms of the background fields in the supersymmetric theories in section 6. In section 7,
we discuss the strong coupling behavior of the non-supersymmetric theories. Section 8 is
devoted to discussions. The stabilization of the heterotic E8 theory, the exceptional case,
is also argued. The explicit expressions of various partition functions discussed in section
5 are summarized in the appendix.
2 Kaluza-Klein Melvin background
Consider the following metric in M-theory [5]
ds211 = ηαβdx
αdxβ + dr2 + r2(dθ + qdy)2 + dy2. (2.1)
The indices α, β run from 0 to 7, and q is a real parameter. We have used the polar
coordinates r, θ in the 8-9 plane. The y-direction is compactified on S1 with the radius
R.
By introducing the new coordinate θ˜ = θ + qy, the metric (2.1) becomes the flat one,
although the periodicity of θ˜ is nontrivial,
y ∼ y + 2πmR, (2.2)
θ˜ ∼ θ˜ + 2πn+ 2πmqR, (2.3)
where m,n are integers. Since the metric (2.1) is locally flat, this is a solution of the
Einstein equation. This would still be a solution even if higher derivative terms are
included, so this background is expected to be an exact solution of M-theory.
The metric (2.1) describes a nontrivial spacetime in view of the lower dimensions. The
dimensional reduction along the S1 produces the following ten-dimensional (Type IIA)
background in the string frame
ds210 =
√
1 + q2r2 (ηαβdx
αdxβ + dr2) +
r2√
1 + q2r2
dθ2, (2.4)
e
4
3
φ = 1 + q2r2, (2.5)
Aθ =
qr2
1 + q2r2
. (2.6)
The dilaton diverges as r →∞, so this background cannot be analyzed by the perturba-
tion theory. In addition, from (2.6) one can see that there is a nonzero component of the
R-R field strength
F89 =
2q
(1 + q2r2)2
, (2.7)
which makes the perturbative analysis harder. The background (2.6) describes a localized
R-R flux around r = 0 with the total flux 1/q. This R-R flux configuration is called a
3
fluxbrane or a F7-brane [5][6]. Further investigations on the fluxbranes and related issues
can be found in [13][14][15][16].
From the identification (2.3), one can see the periodicity in q. If q = k/R for an
integer k, θ˜ has the period 2π and the spacetime is nothing but a direct product R10×S1,
which is the same as that with q = 0. Thus the parameter q has the period 1/R. This
periodicity cannot be seen from the ten-dimensional background.
When there exist spacetime fermions, the situation is more complicated. Suppose the
case q = 1/R. For the fermions to exist, the boundary condition along the S1 should be
periodic. Now the parallel transport of the fermions along the S1 is accompanied by the
2π shift of θ˜, so this gives an extra sign. In other words, although the metric is the same,
the spin structure is different between q = 0 and q = 1/R. Therefore the period of q
should be 2/R, when the spin structure is taken into account.
The Melvin background is unstable. The instability is investigated in [17]. It is due
to pair creations of D6-branes in the Type IIA picture, which is a similar phenomenon
to the Schwinger pair creations in an electric field. It is shown in [17][5] that the decay
mode is described by the Myers-Perry Kerr instanton [18], and the decay rate is zero only
at q = 0. So this result indicates that the Melvin background decays into the Kaluza-
Klein background without R-R flux. On the other hand, as mentioned above, the Melvin
background with q = 1/R (we will call it “critical” Melvin) can be interpreted as the
Kaluza-Klein background with the twisted boundary condition for fermions along the S1.
In this picture, the instability of this background is described by an expanding bubble [19],
corresponding to the Schwarzchild instanton. It is shown in [19] that the Kaluza-Klein
background is unstable against the nucleation of such bubbles, unless the spin structure is
suitably chosen. If one chooses the periodic boundary condition, which corresponds to a
supersymmetric background of string theory and M-theory, the decay through the bubble
nucleation is forbidden by the topological reason. On the other hand, the critical Melvin
has the different spin structure, so there is no reason to prevent it from the decay.
3 IIA-0A duality
It is discussed in [20] that M-theory compactified on the twisted S1 is equivalent to Type
0A theory, just like the ordinary S1 compactification is equivalent to Type IIA theory.
The evidence of this equivalence is the following.
Compactify the background (2.1) further on S1, say, along the 6-direction, and take
the radius of the S1 to be zero. Then the resulting ten-dimensional background is the
Kaluza-Klein Melvin background without R-R flux, and the dilaton is a constant. So this
background can be analyzed by the perturbative Type IIA theory.
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The one-loop partition function can be calculated exactly [21]
Zq =
∫
d2τ
τ2
τ−42 |η(τ)|−18
∑
m,n∈Z
exp
[
−πR
2
α′τ2
|n+mτ |2
]
×
∣∣∣∣∣ϑ
[
1/2 +mqR
1/2 + nqR
]
(0, τ)
∣∣∣∣∣
−2 ∣∣∣∣∣ϑ
[
1/2 +mqR/2
1/2 + nqR/2
]
(0, τ)
∣∣∣∣∣
8
. (3.1)
We have used the theta function with characteristics
ϑ
[
a
b
]
(ν, τ) =
∑
n∈Z
exp
[
πi(n+ a)2τ + 2πi(n + a)(ν + b)
]
. (3.2)
From the expression (3.1) one can see the periodicity in q as the periodicity of the theta
functions. The period is 2/R since Type IIA theory contains spacetime fermions. At
q = 1/R one finds
Z1/R ∼
∫
d2τ
τ2
τ−52 |η(τ)|−16
(
|Z00(τ)|8 + |Z01(τ)|8 + |Z10(τ)|8
)
, (3.3)
if R is sufficiently small. The RHS coincides with the partition function for Type 0A
theory compactified on S1 with vanishing radius. Thus we find that both Type IIA
theory on the critical Melvin and Type 0A theory have the same mass spectrum in a
certain limit.
Suppose that this correspondence holds even before the dimensional reduction along
the 6-direction. Then the above result suggests that M-theory on the twisted S1, which
is equivalent to M-theory on the critical Melvin, is equivalent to Type 0A theory.
According to the above interpretation of Type 0A theory, it is expected that the in-
stability of the Melvin background (or of the Kaluza-Klein background with anti-periodic
boundary condition) would correspond to the one due to the closed string tachyon in
Type 0A theory [5][6]. The stabilization of closed string tachyons seems to be a more dif-
ficult problem to deal with than that of open string tachyons [2]. So the above-mentioned
interpretation would give us an insight into the closed string tachyon condensation.
4 Heterotic theories in ten dimensions
Type 0A theory discussed in the previous section can be regarded as a Type IIA theory
twisted by a discrete goup Z2. This Z2 is generated by (−1)Fs where Fs is the spacetime
fermion number. Such a procedure enables us to construct a new string theory from
the known one. This was investigated for the heterotic theories in [10][11], and several
ten-dimensional heterotic theories were discovered. And finally, the list of the heterotic
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theories in ten dimensions was completed in [12]. There are nine theories, two of which
are the well-known supersymmetric theories. Among the remaining seven, which have
no supersymmetry, only one theory is tachyon-free, while the others contain tachyons in
their mass spectra. The non-supersymmetric theories can be characterized by their gauge
groups as follows.
1. The SO(16)× SO(16) theory without any tachyon.
2. The SO(32) theory with tachyons in the 32 representation of the gauge group.
3. The E8 × SO(16) theory with tachyons in the (1, 16).
4. The SO(8)× SO(24) theory with tachyons in the (8s, 1).
5. The E7 × SU(2)×E7 × SU(2) theory with tachyons in the (1, 2, 1, 2).
6. The U(16) theory with two tachyons in the singlet.
7. The E8 theory with only one tachyon.
As shown in [10], each theory, except for the E8 theory, can be constructed from the
supersymmetric theories by a Z2 twist which is generated by (−1)Fsγδ, where γδ is a
shift operator in the internal momentum space, in view of the bosonic construction of the
current algebra, with the shift vector δ. Of course, the γδ satisfies (γδ)
2 = 1.
Consider an example; δ = (1, 015). It is convenient to discuss the internal left-moving
degrees of freedom in the fermionic representation with fermions λIL (I = 1, · · · , 32). Then
the action of the γδ is
γδ = e
2πiJ12 , (4.1)
where J12 is the generator of the SO(32) which acts only on λ
1,2
L . This acts trivially on
the vector representation of the SO(32) and gives −1 for the spinor representation. Thus
the untwisted sectors are
(left, right) = (NS+, NS+)⊕ (R+, R+). (4.2)
In the twisted sectors, the λ1,2L obey the following boundary conditions
λ1,2L (σ + 2π) = e
2πiλ1,2L (σ). (4.3)
So this does not seem to change anything. However, the fermion number of the vacuum
changes by the spectral flow. Therefore, in the twisted sectors the spectrum is restricted
by the opposite GSO projection. The GSO projection of the right-moving sectors is also
reversed and we obtain
(NS−, NS−)⊕ (R−, R−). (4.4)
The above spectrum coincides with that of the non-supersymmetric SO(32) theory. The
construction of other theories will be reviewed briefly in the appendix.
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5 Heterotic theories on Melvin background
In this section, we will calculate partition functions of the supersymmetric heterotic theo-
ries on the Melvin background with various patterns of Wilson lines. It can be shown that
the partition functions coincide with those of the non-supersymmetric heterotic theories
reviewed in section 4, in a certain limit. This fact would be a piece of evidence for the
equivalence between the non-supersymmetric heterotic theories and the supersymmetric
heterotic theories on the Melvin background.
5.1 Partition functions
We consider the supersymmetric heterotic theories on the Melvin background with a
general Wilson line. The worldsheet action is as follows,
S =
1
4πα′
∫
d2σ
{
ηµν∂aX
µ∂aX
ν + |∂aX + iq∂aY X|2 + (∂aY )2
}
+
i
π
∫
d2σ S¯rR
(
∂+ +
i
2
q∂+Y
)
SrR +
i
π
∫
d2σ
16∑
I=1
λ¯IL
(
∂− − iAIY ∂−Y
)
λIL, (5.1)
where µ, ν = 0, · · · , 6 and r = 1, · · · , 4. We have employed the Green-Schwarz formalism
for the right-moving fermions SrR, while the left-moving fermions λ
I
L are the RNS fermions.
Although this action has nontrivial couplings between Y and other fields, the theory is
conformally invariant for any value of q [22].
An interesting property of the action (5.1) is that this can be reduced to a free action
[21]. This is accomplished by the following field redefinitions
X = e−iqY X˜,
SrR = e
−
i
2
qY S˜rR, (5.2)
λIL = e
iAI
Y
Y λ˜IL.
Note that the Jacobian of these field redefinitions is trivial. The existence of the nontrivial
background is now encoded in the boundary conditions for the new fields X˜, S˜rR, λ˜
I
L.
We will calculate the partition function on the torus with the modulus τ = τ1 + iτ2.
To do this, we have to specify the boundary conditions. Xµ and Y have the ordinary
periodicity,
Xµ(σ1 + 2π, σ2) = Xµ(σ1 + 2πτ1, σ
2 + 2πτ2) = X
µ(σ1, σ2), (5.3)
Y (σ1 + 2π, σ2) = Y (σ1, σ2)− 2πmR, (5.4)
Y (σ1 + 2πτ1, σ
2 + 2πτ2) = Y (σ
1, σ2) + 2πnR, (5.5)
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where m,n are integers. The boundary conditions for the other fields defined in (5.2) are
twisted as follows
X˜(σ1 + 2π, σ2) = e−2πimqRX˜(σ1, σ2), (5.6)
X˜(σ1 + 2πτ1, σ
2 + 2πτ2) = e
2πinqRX˜(σ1, σ2), (5.7)
S˜rR(σ
1 + 2π, σ2) = e−πimqRS˜rR(σ
1, σ2), (5.8)
S˜rR(σ
1 + 2πτ1, σ
2 + 2πτ2) = e
πinqRS˜rR(σ
1, σ2), (5.9)
λ˜IL(σ
1 + 2π, σ2) = ±e2πimAIY Rλ˜IL(σ1, σ2), (5.10)
λ˜IL(σ
1 + 2πτ1, σ
2 + 2πτ2) = ±e−2πinAIY Rλ˜IL(σ1, σ2). (5.11)
The plus (minus) signs in (5.10)(5.11) are the ordinary ones for the R (NS) sector, re-
spectively.
The partition function for a left-moving fermion with a twisted boundary condition is
easily calculated, for example, by using the operator formalism (see e.g. [23]). For the
fermion with boundary conditions
ψ(σ1 + 2π, σ2) = −e2πiθψ(σ1, σ2), (5.12)
ψ(σ1 + 2πτ1, σ
2 + 2πτ2) = −e−2πiφψ(σ1, σ2), (5.13)
the partition function is, up to an overall factor,
Z2θ2φ(τ) ≡ ϑ
[
θ
φ
]
(0, τ) η(τ)−1
= e2πiθφq
θ2
2
−
1
24
∞∏
n=1
(
1 + qn+θ−
1
2 e2πiφ
) (
1 + qn−θ−
1
2 e−2πiφ
)
, (5.14)
where q = e2πiτ . The case of a twisted boson is similar. If ψ is a bosonic field with the
same boundary conditions, its partition function is |Z2θ2φ(τ)|−2.
For the heterotic theories, relative phases of the partition functions for various sectors
are relevant. These phases have been fixed in [24] by an anomaly argument. The resulting
partition functions for the left-moving fermions are the followings,
(AA) e−πimn(a
I )2Z2ma
I
2naI (τ), (AP) e
−πimaI (naI+1)Z2ma
I
1+2naI (τ), (5.15)
(PA) e−πimn(a
I )2Z1+2ma
I
2naI (τ), (PP) − ie−πima
I (naI+1)Z1+2ma
I
1+2naI (τ). (5.16)
Here (AA) etc. indicate the spin structures on the torus, and we have defined aI = AIYR.
From the above results, one can construct the desired partition function as follows.
Zq(A
I
Y ) =
∫ d2τ
τ2
τ−42 |η(τ)|−12
∑
m,n∈Z
exp
[
−πR
2
α′τ2
|n+mτ |2
]
|Z1+2mqR1+2nqR (τ)|−2
exp
[
πimn{(qR)2 −
16∑
I=1
(aI)2}
]
e2πimqRZ
(m,n)
L (τ)Z
1+mqR
1+nqR (τ)
∗4 (5.17)
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The contribution Z
(m,n)
L (τ) from the left-movers depends on which theory we consider.
For the SO(32) theory,
Z
(m,n)
L (τ) =
16∏
I=1
Z2ma
I
2naI (τ) +
16∏
I=1
e−πima
I
Z2ma
I
1+2naI (τ)
+
16∏
I=1
Z1+2ma
I
2naI (τ) +
16∏
I=1
e−πima
I
Z1+2ma
I
1+2naI (τ), (5.18)
while for the E8 ×E8 theory,
Z
(m,n)
L (τ)
=
(
8∏
I=1
Z2ma
I
2naI (τ) +
8∏
I=1
e−πima
I
Z2ma
I
1+2naI (τ) +
8∏
I=1
Z1+2ma
I
2naI (τ) +
8∏
I=1
e−πima
I
Z1+2ma
I
1+2naI (τ)
)
×
(
16∏
I=9
Z2ma
I
2naI (τ) +
16∏
I=9
e−πima
I
Z2ma
I
1+2naI (τ) +
16∏
I=9
Z1+2ma
I
2naI (τ) +
16∏
I=9
e−πima
I
Z1+2ma
I
1+2naI (τ)
)
.
(5.19)
5.2 Critical Melvin
We are interested in the case with a special value of q, i.e. q = 1/R. In this case, although
the boundary condition for spacetime fermions on the S1 is twisted, the background
geometry is equivalent to the direct product R9 × S1. Therefore it is natural to expect
that a supersymmetric heterotic theory on the critical Melvin is equivalent to a non-
supersymmetric heterotic theory, as in the IIA-0A case.
To relate the partition function (5.17) to those of the non-supersymmetric theories,
we have to choose the appropriate Wilson lines. These are summarized in the appendix.
By the choice of the Wilson lines, the function Z
(m,n)
L (τ) has the following periodicity in
m and n,
Z
(m+2,n)
L (τ) = Z
(m,n+2)
L (τ) = Z
(m,n)
L (τ). (5.20)
This means that Z
(m,n)
L (τ) depends only on m,n mod 2. Thus, for example, Z
(2m,2n)
L (τ)
is the partition function for untwisted fermions and Z
(2m+1,2n)
L (τ) is the one for fermions
twisted in the σ1 direction. Another property of the Wilson lines is
16∑
I=1
(aI)2 = integer. (5.21)
Consider first the case in which the sum (5.21) is an odd integer. Under these condi-
tions, the full partition function (5.17) can be rewritten as follows,
Z1/R(A
I
Y ) =
∫
d2τ
τ2
τ−52 |η(τ)|−16


∑
k,l∈Z
exp
[
−πR
2
α′τ2
|(2l) + (2k)τ |2
]
Z
(0,0)
L (τ)Z
1+2k
1+2l (τ)
∗4
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+
∑
k,l∈Z
exp
[
−πR
2
α′τ2
|(2l + 1) + (2k)τ |2
]
Z
(0,1)
L (τ)Z
1+2k
2l (τ)
∗4
+
∑
k,l∈Z
exp
[
−πR
2
α′τ2
|(2l) + (2k + 1)τ |2
]
Z
(1,0)
L (τ)Z
2k
1+2l(τ)
∗4
+
∑
k,l∈Z
exp
[
−πR
2
α′τ2
|(2l + 1) + (2k + 1)τ |2
]
Z
(1,1)
L (τ)Z
2k
2l (τ)
∗4

 .
(5.22)
We have replaced |Z1+2mqR1+2nqR (τ)|−2 in the eq.(5.17), which is singular at q = 1/R, with
τ−12 |η(τ)|−4. From the Poisson resummation formula [5],
∑
k,l∈Z
exp
[
−πR
2
α′τ2
|(2l + δ) + (2k + ǫ)τ |2
]
= Z(ǫ,0) + (−1)δZ(ǫ,1), (5.23)
where
Z(ǫ,δ) =
√
α′τ2
2R
∑
k,l∈Z
exp
[
−πτ2
{
α′
4R2
(2l + δ)2 +
4R2
α′
(k + ǫ/2)2
}
+ 2πiτ1(2l + δ)(k + ǫ/2)
]
.
(5.24)
Then we find that
Z1/R(A
I
Y ) =
∫
d2τ
τ2
τ−52 |η(τ)|−16
{
Z(0,0)
(
Z
(0,0)
L (τ)Z
1
1(τ)
∗4 + Z
(0,1)
L (τ)Z
1
0 (τ)
∗4
)
+Z(0,1)
(
Z
(0,0)
L (τ)Z
1
1 (τ)
∗4 − Z(0,1)L (τ)Z10 (τ)∗4
)
+Z(1,0)
(
Z
(1,0)
L (τ)Z
0
1(τ)
∗4 + Z
(1,1)
L (τ)Z
0
0 (τ)
∗4
)
+Z(1,1)
(
Z
(1,0)
L (τ)Z
0
1(τ)
∗4 − Z(1,1)L (τ)Z00(τ)∗4
)}
.
(5.25)
Surprisingly, this partition function can be interpreted as that of an orbifold. The orbifold
can be constructed from the supersymmetric heterotic theory by the Z2 twist whose
generator is (−1)Fsγδ σ1/2. Here σ1/2 is the half-shift operator [20], and the other two
are the same operators as the ones explained in section 4. The sum (5.21) is equal to
the length squared of the shift vector δ, and the requirement of the periodicity (5.20) is
equivalent to the idenpotency of γδ, i.e. γ
2
δ = 1.
Consider the R → 0 limit. Then Z(0,1) and Z(1,1) vanish, while the other two sums
approach the same non-zero value which is independent of τ2. What survive this limit are
the followings,
Z1/R(A
I
Y ) →
∫
d2τ
τ2
τ−52 |η(τ)|−16
{(
Z
(0,0)
L (τ)Z
1
1 (τ)
∗4 + Z
(0,1)
L (τ)Z
1
0 (τ)
∗4
)
+
(
Z
(1,0)
L (τ)Z
0
1 (τ)
∗4 + Z
(1,1)
L (τ)Z
0
0 (τ)
∗4
)}
. (5.26)
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This is the partition function for a non-supersymmetric heterotic theory compactified on
the vanishing S1.
Thus we conclude that a supersymmetric heterotic theory on the critical Melvin back-
ground with the appropriate Wilson line has the same mass spectrum as that of a non-
supersymmetric heterotic theory, in the R → 0 limit. This result can be understood, in
the T-dual picture, as evidence of the equivalence between the supersymmetric theory on
a non-trivial background and a non-supersymmetric theory in ten dimensions, as in the
IIA-0A case.
The result for the case with odd values of the sum (5.21) is almost the same. The only
difference is the sign in front of Z00(τ)
∗4. The change of this sign corresponds to the fact
that the eigenvalues of (−1)Fsγδ are a bit peculiar in the twisted sectors, as mentioned in
[10].
We have constructed all non-supersymmetric heterotic theories but one in terms of
the supersymmetric heterotic theories. The explicit expressions of the partition functions
are shown in the appendix. The only exception is the theory whose gauge group is E8.
It is argued in [10] that to obtain the heterotic E8 theory one has to twist the E8 × E8
theory by a Z2 involving the outer automorphism of E8 × E8 which exchanges the two
E8’s. We will discuss this theory in section 8.
6 Tachyonic instability
In the IIA-0A case, the tachyonic instability is interpreted as the one due to pair creations
of D6-branes. This argument is based on the analysis of the instability of the Melvin
background. We will discuss in this section the instabiliity of the non-supersymmetric
heterotic theories in terms of the background fields in the supersymmetric theories.
6.1 Heterotic T-duality
We have considered the heterotic theories on the Kaluza-Klein Melvin background with a
vanishing radius of the S1. So it is not appropriate for the argument on the background
fields. The ordinary way to improve this situation is to see the T-dual picture.
Let us recall the T-duality transformation for the heterotic theories. This can be most
easily derived from the sigma-model approach [25].
The sigma-model action of the heterotic theories in a general background is written
by superfields as follows,
S =
i
2πα′
∫
d2σdθ {Gmn(Φ) +Bmn(Φ)} ∂+ΦmD−Φn
11
+
1
2π
∫
d2σdθΨI
{
D−Ψ
I − iAIJm (Φ)D−ΦmΨJ
}
, (6.1)
where θ is the Grassmann coordinate, m,n = 0, · · · , 9 and I, J = 1, · · · , 32. We have
defined the real bosonic superfields Φm and real fermionic ones ΨI as follows,
Φm = Xm + i
√
2α′θψmR , (6.2)
ΨI = λIL + θF
I , (6.3)
where we have employed the RNS formalism for both left- and right-moving fermions.
The covariant derivative D− is
D− = ∂θ − 2iθ∂− . (6.4)
After the integration of θ and integrating out the auxiliary fields F I , the action (6.1)
becomes
S =
∫
d2σ
[
1
πα′
{Gmn(X) +Bmn(X)} ∂+Xm∂−Xn
+
i
π
Gmn(X)ψ
m
R
{
∂+ψ
n
R +
1
2
(Γnkl(X) +H
n
kl(X))∂+X
kψlR
}
+
i
π
λIL
{
∂−λ
I − iAIJm (X)∂−XmλJL
}
− iα′F IJmn(X)λILλJLψmRψnR
]
. (6.5)
The action (5.1) is obtained by substituting the metric of the Melvin background and the
constant gauge fields.
Now suppose that the background fields are independent of a coordinate, say, x9, or
in other words there is an isometry along the 9-direction. Then there exists a dual sigma-
model which is equivalent to the original model. This can be shown by considering the
following first order action,
S1st =
∫
d2σdθ
[
i
2πα′
(
{Gij +Bij}∂+ΦiD−Φj + i{Gi9 +Bi9}∂+ΦiV−
+{G9j +B9j}V+D−Φj + iG99V+V−
)
+
1
2π
(
ΨI(D−Ψ
I − iAIJi D−ΦiΨJ) + ΨIAIJ9 V−ΨJ
)
+Φ˜(i∂+V− −D−V+)
]
(6.6)
where i, j = 0, · · · , 8. We have introduced a bosonic and a fermionic superfield V+, V−
respectively, and Φ˜ is a bosonic Lagrange multiplier superfield.
When the Φ˜ integration is performed, the superfields V+, V− are determined to be
V+ = ∂+Φ
9, V− = −iD−Φ9, (6.7)
for a real bosonic superfield Φ9. Then the action (6.6) becomes the original action (6.1).
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On the other hand, when one integrates out V+, V− first, which can be done exactly,
one obtains a sigma-model with the background fields G˜µν , B˜µν , A˜
IJ
µ such that [25]
G˜ij = Gij − 1
G99
(Gi9G9j +Bi9B9j), B˜ij = Bij − 1
G99
(Gi9B9j −Gj9B9i),
G˜i9 = − 1
G99
Bi9, B˜i9 = − 1
G99
Gi9, G˜99 =
1
G99
, (6.8)
A˜IJi = A
IJ
i −
1
G99
(G9i +B9i)A
IJ
9 , A˜
IJ
9 = −
1
G99
AIJ9 .
We have set α′ = 1. Note that the dilaton field φ is also transformed as
φ˜ = φ− 1
2
logG99. (6.9)
6.2 T-dual of Melvin background
We can now consider the T-dual of the Melvin background. First let us rescale the y-
coordinate so that its period is 2π. Then applying the transformation rules (6.8), one
obtains
ds2dual = ηµνdx
µdxν + dr2 +
r2
1 + q2r2
dθ2 +
1
R2(1 + q2r2)
dy2, (6.10)
B˜θy = − qr
2
R(1 + q2r2)
, (6.11)
A˜IJθ = −
qr2
R2(1 + q2r2)
aIJ , A˜IJy = −
1
R3(1 + q2r2)
aIJ , (6.12)
where aIJ = RAIJy is independent of both R and q. The region r ≪ q−1 is almost flat and
the radius of the S1 is large, so this background would be reasonable in this region. An
important property of this background is that there exists a nontrivial Yang-Mills field
strength,
F˜ IJ78 = −
2qaIJ
R2(1 + q2r2)2
, (6.13)
F˜ IJ89 =
2q2aIJ
R3(1 + q2r2)2
x8, (6.14)
F˜ IJ97 = −
2q2aIJ
R3(1 + q2r2)2
x7. (6.15)
In particular, around the center r = 0, there is a magnetic field F˜ IJ78 . This magnetic
field would cause, for example, monopole pair creations, and this system would decay
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into a stable background. This might be the dual picture of the closed string tachyon
condensation in the non-supersymmetric heterotic theories. It seems natural to relate the
tachyonic instability to the existence of the Yang-Mills magnetic field since the closed
string tachyons are, in general, in a nontrivial representation of the gauge group.
Note that for large r, Gθθ approaches q
−2. So the analysis based on the background
wolud not be valid when q is large. Thus the discussion given above could not apply to
the critical Melvin background, i.e. the case with q = 1/R. Nevertheless, we expect that
the above-mentioned property still holds at the critical value of q.
It is interesting to consider the case in which there is no Wilson line in the original
background. Then the gauge field is again absent in the T-dual picture. So there is no
instability due to the Yang-Mills field strength. In fact, the situation is very close to the
IIA-0A case. It is discussed in [19] that the background is stable if there exists a fermion.
In Type 0A theory, there is no spacetime fermion and the background is unstable due to
the bubble nucleation [19]. On the other hand, in the heterotic theories there are many
spacetime fermions, so this may indicate that the critical Melvin background is stable in
this case. This is consistent with the fact that the partition function vanishes at q = 1/R
if there is no Wilson line, suggesting that the theory becomes supersymmetric.
7 Strong coupling behavior
In this section, we will investigate the strong coupling region of the non-supersymmetric
heterotic theories. The discussions so far are mainly based on the weakly-coupled string
theory, and we have not discussed quantum corrections at all. Because of the absence
of the supersymmetry, there is no argument which ensures that the tree-level analysis is
sufficient. There are several arguments for the dual theory of non-supersymmetric theories
[20][26][27].
Our starting point is the existence of the dual picture shown in section 5. The ad-
vantage to use this fact is that the duality transformations of the supersymmetric theory
are available to investigate the dual of a non-supersymmetric theory. So our arguments
would be based on a rather firmer footing, even if there is no supersymmetry.
Consider a non-supersymmetric heterotic theory compactified on S1 with radius R.
Denote its coupling constant as g. Its strong coupling behavior would be described by a
strongly-coupled supersymmetric heterotic theory on the critical Melvin background, in
the R → 0 limit. The latter theory is either the SO(32) theory or the E8 × E8 theory,
according to which theory we consider as the former.
(i) The SO(32) theory
What we consider now is the strongly-coupled SO(32) theory on a nontrivial back-
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ground. Its weak coupling dual is well-known [28] to be Type I theory on the following
background.
GI,mn = e
−φhGh,mn (7.1)
φI = −φh (7.2)
AI,m = Ah,m (7.3)
The subscripts I, h indicate Type I theory and the heterotic theory, respectively. Note
that in our case, there is no R-R background in the dual Type I background. The dilaton
φh is a constant, so that the Type I metric is also the Melvin background.
Type I theory can be understood as an orientifold of Type IIB theory [29]. So our
dual theory is the orientifold of Type IIB theory on the critical Melvin. It can be shown
that Type IIB theory on the critical Melvin has the same partition function as that of
Type 0B theory in the R→ 0 limit, just as in the IIA-0A case. Therefore the dual theory
can be further reinterpreted as an orientifold of Type 0B theory.
Interestingly enough, this orientifold is what was proposed as the dual theory of the
SO(16) × SO(16) heterotic theory [27]. More precisely, in [27] the dual theory is con-
structed as an orientifold of an interpolating model which relates Type IIB theory to Type
0B theory. The partition function of the interpolating model coincides with that of Type
IIB theory on the critical Melvin with a finite radius. So the dual theory proposed in [27]
is the same as our dual theory. Note that the discussion in [27] is based on deformations
of the supersymmetric theories, and it is not obvious whether the Type I-heterotic dual-
ity can be applied in this case, as mentioned by the authers. Since we have related the
non-supersymmetric theories to the supersymmetric theories on some background, there
would be no obstruction to apply the duality relation.
The pieces of evidence for the Type 0B orientifold to be the dual of the non- super-
symmetric SO(16)× SO(16) theory are the followings [27]:
1. The massless spectrum is the same.
2. It is argued that fluctuations on the D1-brane in the Type 0B orientifold corresponds
to the worldsheet fields in non-supersymmetric theory, under a few assumptions.
These are nice properties for them to be a dual pair. It will be interesting to confirm
the discussions in [27] from our point of view based on the supersymmetric theory.
Since in the Type 0B orientifold picture the radius of the y-direction is still small, we
have to take the T-dual transformation along the y-direction. Then we obtain Type 0A
theory compactified on S1/Z2. It would be natural to expect that the Type 0A orbifold
decays into a Type IIA orbifold, just like the decay in the IIA-0A case in ten dimensions.
Note that the decay process would be different from the IIA-0A case, in particular, in
the Type 0A orbifold which is related to the SO(16)×SO(16) heterotic theory, since the
orbifold does not contain any tachyon. It is well-known that the Type IIA orbifold is the
dual of a supersymmetric heterotic theory (with an appropriate Wilson line). Therefore
we conclude that the picture of the decay of the non-supersymmetric theories obtained
from the perturbative analysis still hold in the strong coupling region.
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Let us determine the coupling constant g0A and the length R0A of the segment S
1/Z2
in the Type 0A orbifold when g is large and R is small in the corresponding non-
supersymmertic theory. Applying the succesive duality transformations, one finds
g0A ∼ g− 12R−1, R0A ∼ g 12R−1, (7.4)
up to numerical factors.
For large but finite g, the segmant is large but the coupling constant also becomes
large when R is small enough. This would not be so problematic since the arguments on
the IIA-0A case are not restricted in the perturbative region. One can obtain, if necessary,
a weakly-coupled Type 0A orbifold as the dual theory, by taking the following limit.
g →∞, R→ 0, gR2 : large but finite (7.5)
(ii) The E8 × E8 theory
The dual of the strongly-coupled E8 ×E8 theory on the critical Melvin is rather easy
to obtain. It is M-theory on R9×S1×S1/Z2, with the anti-periodic boundary condition
for fermions along the S1. After reducing M-theory along the S1/Z2, this corresponds to
the non-supersymmetric heterotic theory in the R → 0 limit, where R is the radius of
the S1. Then, exchanging the roles of the S1 and the S1/Z2, and reducing the theory
along the S1 direction, we obtain a weakly-coupled Type 0A theory on the S1/Z2. This
is because M-theory compactified on such a twisted circle corresponds to Type 0A theory
[20], which is one of the main point of the IIA-0A duality. Thus we again find the Type
0A orbifold as the dual theory of the non-supersymmetric heterotic theories. So the non-
supersymmetric theories, which are related to the E8 × E8 theory, are expected to decay
into the supersymmetric theory even in the strong coupling region.
8 Discussion
We have constructed the non-supersymmetric heterotic theories as the supersymmetric
heterotic theories on the critical Melvin background with the Wilson lines. However, we
have not discussed such a construction of the E8 theory. This theory is rather exceptional;
for example, the rank of its gauge group is eight, while all the other theories have the gauge
group of the rank sixteen. Moreover, to construct the E8 theory via the twisting procedure
from the E8×E8 theory, the Z2 group should consist of the outer automorphism of E8×E8
which exchanges the two E8’s. So this theory does not seem to be constructed as a theory
on the critical Melvin. One possible supersymmetric theory which can be related to this
theory is the CHL theory [30]. The CHL theory can have the gauge group of the rank
eight, and it can be constructed by twisting the E8 × E8 theory by a Z2 which consists
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of the outer automorphism discussed above. Since the CHL theory is supersymmetric, it
would be natural to expect that the E8 theory decays into this theory.
The non-supersymmetric theories have been related to the critical Melvin background
in the supersymmetric theories. This background has nontrivial field strength, both in
the lower-dimensional and T-dual point of view. Such configurations have nonzero energy,
compared with the supersymmetric vacuum. So one is led to a conjecture which suggests
that the “vacuum energy” of the non-supersymmetric theories are, in general, positive
and their values are given by the energy of the field strength in the dual supersymmetric
theories. This might have something to do with the fact that the one loop cosmological
constant of the SO(16)× SO(16) theory is positive [10].
In section 7, we have discussed the strong coupling behavior of the non-supersymmetric
theories. This kind of analysis is in general very difficult because of the absence of super-
symmetry. In our case, it can be done since the non-supersymmetric theories are related
to the non-supersymmetric backgrounds in the supersymmetric theories, and the duality
transformations for the background fields are well-known. This seems to be a very suit-
able strategy to discuss the duality between non-supersymmetric theories. It would be
very interesting if this strategy can apply to some other non-supersymmetric theories.
One of our motivations to study the Melvin background in string theory is to under-
stand the mechanism of the stabilization of closed string tachyons. In [5][6], the tachyon
condensation is related to pair creations of D6-branes in Type IIA picture. However, the
corresponding picture in Type 0A theory is not yet clarified. The bubble nucleation in
[19] pushes our world to infinity, and there remains nothing. It would be very important
to understand this phenomenon in terms of Type 0A theory language, and clarify the
mechanism of the closed string tachyon condensation.
In the heterotic theories, the situation is more complicated. Since most of the theories
have tachyons in a nontrivial representation of their gauge groups, the condensation of
the tachyons would break the gauge symmetry. Therefore, even if the endpoint of the
condensation is a supersymmetric theory, there should be some other changes of the
background, for example, the change of the pattern of the Wilson line. This might suggest
that the tachyon condensation in heterotic theories could not be described by the change
in q alone.
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A Explicit expressions of partition functions
In this appendix, we will show explicitly the partition functions Z1/R(A
I
y) discussed in
section 5. First we have to choose the appropriate Wilson lines [10]. We assumed the
periodicity of the left-moving contribution (5.20). This means that the sixteen dimensional
vector
δ = (a1, · · · , a16) (A.1)
has the property that 2δ lies in the momentum lattice, for a suitable choice of the basis
vectors. Such vectors are classified in [31] and the followings are the representatives of
the equivalence classes. For the SO(32) theory,
δ = (1, 015),
((
1
2
)4
, 012
)
,
((
1
4
)16)
,
((
1
2
)8
, 08
)
, (A.2)
and for the E8 ×E8 theory,
δ = (1, 07; 08),
((
1
2
)2
, 06;
(
1
2
)2
, 06
)
, (1, 07; 1, 07). (A.3)
Below we denote the partition functions for various sectors as
χ
(n)
NS± =
1
2
(
Z00(τ)
n ± Z01(τ)n
)
, (A.4)
χ
(n)
R =
1
2
Z10 (τ)
n, (A.5)
for the left-movers and
χ¯NS± =
1
2
(
Z00 (τ)
4 ∓ Z01 (τ)4
)∗
, (A.6)
χ¯R =
1
2
Z10 (τ)
4∗ (A.7)
for the right-movers.
A.1 The SO(32) theory
(i) δ = (1, 015)
In this case, the partition function Z
(m,n)
L (τ) for the left-movers is
Z
(m,n)
L (τ) = Z
0
0(τ)
16 + e−πimZ01(τ)
16 + eπinZ10(τ)
16. (A.8)
Then the full partition function is
Z1/R(A
I
y) =
∫ d2τ
τ2
τ−52 |η(τ)|−16ZF , (A.9)
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where
ZF = 4
{
Z(0,0)(χ(16)NS+χ¯NS+ − χ(16)R χ¯R) + Z(0,1)(χ(16)R χ¯NS+ − χ(16)NS+χ¯R)
+Z(1,0)(χ(16)NS−χ¯NS− − χ(16)R χ¯R) + Z(0,1)(χ(16)R χ¯NS− − χ(16)NS−χ¯R)
}
. (A.10)
In the R→ 0 limit,
ZF ∝ χ(16)NS+χ¯NS+ + χ(16)NS−χ¯NS− − 2χ(16)R χ¯R. (A.11)
So Z1/R(A
I
y) coincides exactly with the partition function for the non-supersymmetric
SO(32) theory in this limit.
(ii) δ =
((
1
2
)4
, 012
)
In this case, from the expression
Z
(m,n)
L (τ) = Z
m
n (τ)
4Z00(τ)
12 + Zmn+1(τ)
4Z01(τ)
12 + Zm+1n (τ)
4Z10 (τ)
12, (A.12)
one can find
ZF = 4
[
Z(0,0)
{
(χ
(4)
NS+χ
(12)
NS+ + χ
(4)
R χ
(12)
R )χ¯NS+ − (χ(4)NS−χ(12)NS− + χ(4)R χ(12)R )χ¯R
}
+Z(0,1)
{
(χ
(4)
NS−χ
(12)
NS− + χ
(4)
R χ
(12)
R )χ¯NS+ − (χ(4)NS+χ(12)NS+ + χ(4)R χ(12)R )χ¯R
}
+Z(1,0)
{
(χ
(4)
R χ
(12)
NS+ + χ
(4)
NS+χ
(12)
R )χ¯NS− − (χ(4)R χ(12)NS− + χ(4)NS−χ(12)R )χ¯R
}
+Z(1,1)
{
(χ
(4)
R χ
(12)
NS− + χ
(4)
NS−χ
(12)
R )χ¯NS− − (χ(4)R χ(12)NS+ + χ(4)NS+χ(12)R )χ¯R
}]
.
(A.13)
In the R→ 0 limit,
ZF ∝ (χ(4)NS+χ(12)NS+ + χ(4)R χ(12)R )χ¯NS+ − (χ(4)NS−χ(12)NS− + χ(4)R χ(12)R )χ¯R
+(χ
(4)
R χ
(12)
NS+ + χ
(4)
NS+χ
(12)
R )χ¯NS− − (χ(4)R χ(12)NS− + χ(4)NS−χ(12)R )χ¯R. (A.14)
The corresponding shift operator γδ can be represented as
γδ = e
πi(J12+J34+J56+J78)
= (−1)F (4), (A.15)
where F (4) counts the number of λ1L, · · · , λ4L. Therefore one can see that the partition
function in the R → 0 limit coincides with that of the supersymmetric SO(32) theory
twisted by (−1)Fsγδ, which is the SO(8)× SO(24) theory.
(iii) δ =
((
1
4
)16)
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The expression for the left-moving contribution is
Z
(m,n)
L (τ) = Z
m/2
n/2 (τ)
16 + Z
m/2
1+n/2(τ)
16 + Z
1+m/2
n/2 (τ)
16 + Z
1+m/2
1+n/2 (τ)
16. (A.16)
The periodicity (5.20) is accomplished by permuting the terms in the RHS.
The partition function is given by
ZF = 4
[
Z(0,0)
{
(χ+NS+ + χ
+
R+)χ¯NS+ − (χ−NS+ + χ−R+)χ¯R
}
+Z(0,1)
{
(χ−NS+ + χ
−
R+)χ¯NS+ − (χ+NS+ + χ+R+)χ¯R
}
+Z(1,0)
{
(χ˜+NS+ + χ˜
+
R+)χ¯NS− − (χ˜−NS+ + χ˜−R+)χ¯R
}
+Z(1,1)
{
(χ˜−NS+ + χ˜
−
R+)χ¯NS− − (χ˜+NS+ + χ˜+R+)χ¯R
}]
, (A.17)
where
χ±NS+ =
1
4
(
Z00(τ)
16 + Z01 (τ)
16 ± (Z01
2
(τ)16 + Z01+ 1
2
(τ)16)
)
, (A.18)
χ±R+ =
1
4
(
Z10(τ)
16 + Z11 (τ)
16 ± (Z11
2
(τ)16 + Z11+ 1
2
(τ)16)
)
, (A.19)
χ˜±NS+ =
1
4
(
Z
1
2
0 (τ)
16 + Z
1
2
1 (τ)
16 ± (Z
1
2
1
2
(τ)16 + Z
1
2
1+ 1
2
(τ)16)
)
, (A.20)
χ˜±R+ =
1
4
(
Z
1+ 1
2
0 (τ)
16 + Z
1+ 1
2
1 (τ)
16 ± (Z1+
1
2
1
2
(τ)16 + Z
1+ 1
2
1+ 1
2
(τ)16)
)
. (A.21)
Note that χ±NS+(R+) are the projected partition functions
χ±NS+(R+) = TrNS(R)
1 + (−1)F
2
1± γδ
2
qH , (A.22)
where γδ acts as e
pi
2
i on all λIL’s. The other two functions χ˜
±
NS+(R+) are the projected
partition functions for the twisted sectors.
In the R→ 0 limit,
ZF ∝ (χ+NS+ + χ+R+)χ¯NS+ − (χ−NS+ + χ−R+)χ¯R
+(χ˜+NS+ + χ˜
+
R+)χ¯NS− − (χ˜−NS+ + χ˜−R+)χ¯R. (A.23)
This is the fermion part of the partition function for the non-supersymmetric U(16) theory.
(iv) δ =
((
1
2
)8
, 08
)
The calculation is similar to the one in the case (ii) above, except for the extra signs
in the twisted sectors. The partition function is then given by
ZF = 4
[
Z(0,0)
{
(χ
(8)
NS+χ
(8)
NS+ + χ
(8)
R χ
(8)
R )χ¯NS+ − (χ(8)NS−χ(8)NS− + χ(8)R χ(8)R )χ¯R
}
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+Z(0,1)
{
(χ
(8)
NS−χ
(8)
NS− + χ
(8)
R χ
(8)
R )χ¯NS+ − (χ(8)NS+χ(8)NS+ + χ(8)R χ(8)R )χ¯R
}
+Z(1,0)
{
2χ
(8)
R χ
(8)
NS−χ¯NS− − 2χ(8)R χ(8)NS+χ¯R
}
+Z(1,1)
{
2χ
(8)
R χ
(8)
NS+χ¯NS− − 2χ(8)R χ(8)NS−χ¯R
}]
.
(A.24)
In the R→ 0 limit,
ZF ∝ (χ(8)NS+χ(8)NS+ + χ(8)R χ(8)R )χ¯NS+ − (χ(8)NS−χ(8)NS− + χ(8)R χ(8)R )χ¯R
+2χ
(8)
R χ
(8)
NS−χ¯NS− − 2χ(8)R χ(8)NS+χ¯R. (A.25)
This coincides with the fermion part of the partition function for the non-supersymmetric
SO(16)× SO(16) theory.
A.2 The E8 × E8 theory
(v) δ = (1, 07; 08)
From the similar calculation to the one in the case (i),
ZF = 8(χ
(8)
NS+ + χ
(8)
R )
{
Z(0,0)(χ(8)NS+χ¯NS+ − χ(8)R χ¯R) + Z(0,1)(χ(8)R χ¯NS+ − χ(8)NS+χ¯R)
+Z(1,0)(χ(8)NS−χ¯NS− − χ(8)R χ¯R) + Z(1,1)(χ(8)R χ¯NS− − χ(8)NS−χ¯R)
}
.
(A.26)
The fermion part of the partition function for the non-supersymmetric E8×SO(16) theory
is obtained in the R→ 0 limit.
ZF ∝ (χ(8)NS+ + χ(8)R )(χ(8)NS+χ¯NS+ + χ(8)NS−χ¯NS− − 2χ(8)R χ¯R) (A.27)
(vi) δ =
((
1
2
)2
, 06;
(
1
2
)2
, 06
)
The partition function is a bit complicated in this case,
ZF = 8
(
Z(0,0)
[{
(χ
(2)
NS+χ
(6)
NS+ + χ
(2)
R χ
(6)
R )
2 + (χ
(2)
NS−χ
(6)
NS− + χ
(2)
R χ
(6)
R )
2
}
χ¯NS+
−2(χ(2)NS+χ(6)NS+ + χ(2)R χ(6)R )(χ(2)NS−χ(6)NS− + χ(2)R χ(6)R )χ¯R
]
+Z(0,1)
[
2(χ
(2)
NS+χ
(6)
NS+ + χ
(2)
R χ
(6)
R )(χ
(2)
NS−χ
(6)
NS− + χ
(2)
R χ
(6)
R )χ¯NS+
−
{
(χ
(2)
NS+χ
(6)
NS+ + χ
(2)
R χ
(6)
R )
2 + (χ
(2)
NS−χ
(6)
NS− + χ
(2)
R χ
(6)
R )
2
}
χ¯R
]
+Z(1,0)
[{
(χ
(2)
R χ
(6)
NS+ + χ
(2)
NS−χ
(6)
R )
2 + (χ
(2)
NS+χ
(6)
R + χ
(2)
R χ
(6)
NS−)
2
}
χ¯NS−
−2(χ(2)R χ(6)NS+ + χ(2)NS−χ(6)R )(χ(2)NS+χ(6)R + χ(2)R χ(6)NS−)χ¯R
]
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+Z(1,1)
[
2(χ
(2)
R χ
(6)
NS+ + χ
(2)
NS−χ
(6)
R )(χ
(2)
NS+χ
(6)
R + χ
(2)
R χ
(6)
NS−)χ¯NS−
−
{
(χ
(2)
R χ
(6)
NS+ + χ
(2)
NS−χ
(6)
R )
2 + (χ
(2)
NS+χ
(6)
R + χ
(2)
R χ
(6)
NS−)
2
}
χ¯R
])
.
(A.28)
In the R→ 0 limit,
ZF ∝
{
(χ
(2)
NS+χ
(6)
NS+ + χ
(2)
R χ
(6)
R )
2 + (χ
(2)
NS−χ
(6)
NS− + χ
(2)
R χ
(6)
R )
2
}
χ¯NS+
−2(χ(2)NS+χ(6)NS+ + χ(2)R χ(6)R )(χ(2)NS−χ(6)NS− + χ(2)R χ(6)R )χ¯R
+
{
(χ
(2)
R χ
(6)
NS+ + χ
(2)
NS−χ
(6)
R )
2 + (χ
(2)
NS+χ
(6)
R + χ
(2)
R χ
(6)
NS−)
2
}
χ¯NS+
−2(χ(2)R χ(6)NS+ + χ(2)NS−χ(6)R )(χ(2)NS+χ(6)R + χ(2)R χ(6)NS−)χ¯R. (A.29)
This is the fermion part of the partition function for the non-supersymmetric (E7×SU(2))2
theory. Note that γδ can be divided as γ1γ2, where
γ1,2 = (−1)ǫ(−1)F
(2)
1,2 . (A.30)
The operator F
(2)
1 counts the number of the λ
1,2
L and the operator F
(2)
2 the number of the
λ9,10L , and
ǫ =
{
0, for NS-sector,
1, for R-sector.
(A.31)
(vii) δ = (1, 07; 1, 07)
One can obtain the following.
ZF = 8
[
Z(0,0)
{
(χ
(8)
NS+χ
(8)
NS+ + χ
(8)
R χ
(8)
R )χ¯NS+ − 2χ(8)NS+χ(8)R χ¯R
}
+Z(0,1)
{
2χ
(8)
NS+χ
(8)
R χ¯NS+ − (χ(8)NS+χ(8)NS+ + χ(8)R χ(8)R )χ¯R
}
+Z(1,0)
{
2χ
(8)
NS−χ
(8)
R χ¯NS− − (χ(8)NS−χ(8)NS− + χ(8)R χ(8)R )χ¯R
}
+Z(1,1)
{
(χ
(8)
NS−χ
(8)
NS− + χ
(8)
R χ
(8)
R )χ¯NS− − 2χ(8)NS−χ(8)R χ¯R
}]
,
(A.32)
and, in the R→ 0 limit,
ZF ∝ (χ(8)NS+χ(8)NS+ + χ(8)R χ(8)R )χ¯NS+ − 2χ(8)NS+χ(8)R χ¯R
+2χ
(8)
NS−χ
(8)
R χ¯NS− − (χ(8)NS−χ(8)NS− + χ(8)R χ(8)R )χ¯R. (A.33)
The last expression is the same as (A.25), although the expressions before taking the limit
are different from each other.
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